We show that there are universal high-temperature relations for transport coefficients of plasmas described by a wide class of field theories with gravity duals. These theories can be viewed as strongly coupled large-Nc conformal field theories deformed by one or more relevant operators. The transport coefficients we study are the speed of sound and bulk viscosity, as well as the conductivity, diffusion coefficient, and charge susceptibility of probe U (1) charges. We show that the sound bound v 2 s ≤ 1/3 is satisfied at high temperatures in these theories and also discuss bounds on the diffusion coefficient, the conductivity and the bulk viscosity.
The gauge/gravity duality relates certain strongly coupled large-N c quantum field theories to higherdimensional classical gravity theories [1] . In particular, it allows us to study the hydrodynamics of systems described by gauge theories at strong coupling. Hydrodynamics can be thought of as an effective field theory describing the physics of fluids on distances and time scales that are large compared to the underlying microscopic scales. Transport coefficients are essentially the low-energy constants of hydrodynamics, and they generally appear as poles of real-time Green's functions of conserved currents. The transport coefficients of strongly coupled fluids are not easily calculable by theoretical methods other than the gauge/gravity duality. Where it applies, the duality provides a dictionary for relating the correlation functions of operators in a gauge theory to certain computations in classical gravity. The detailed prescription for calculating real-time correlation functions was worked out in Refs. [2] .
Unfortunately, since there are no known gravity duals for the gauge theories that are currently used to describe nature, the duality cannot yet be used to make quantitative predictions. However, we can search for 'universal' properties of transport coefficients in strongly coupled large-N c theories with gravity duals. In the process, we may learn some general lessons about hydrodynamics, perhaps ones that apply even to theories without gravity duals. For instance, the ratio of shear viscosity to entropy density η/s takes the value 1/4π in all theories with Einstein gravity duals [28] . So η/s is completely independent of the details of these theories [3, 4] . In particular, η/s does not depend on the temperature T . A natural next question is: Are there any universal properties of other transport coefficients, which generally do depend on temperature?
In the present paper, we answer this question in the affirmative. We show that a number of transport coeffi- * Electronic address: alekseyc@physics.umd.edu † Electronic address: anellore@princeton.edu cients have the same universal high-temperature behavior in a broad class of field theories with gravity duals. We study four-dimensional (4D) field theories whose gravity duals contain n scalar fields φ i , i = 1, . . . , n. The scalar fields have an interaction potential that is assumed to meet some technical conditions, but is otherwise arbitrary. The field theories can be thought of as strongly coupled large-N c N = 4 super Yang-Mills theory (SYM) deformed by n relevant operators O φi with scaling dimensions ∆ i dual to the bulk fields φ i . We review and extend the computation of the speed of sound v s from Ref. [5] , where some of the techniques we use were developed. Next, we calculate the diffusion coefficient D, the charge susceptibility Ξ, and the DC conductivity σ of U (1) charges in the probe limit at high temperatures. We also calculate the bulk viscosity ζ at high temperatures in single-scalar backgrounds. A high-temperature calculation of ζ in theories with gravity duals sourced by multiple scalar fields is left for future work. Specifically, consider the set of normalized transport
By 'normalized,' we mean that if we added back appropriate factors of , the speed of light c, and the Boltzmann constant k B , these quantities would be dimensionless. We demonstrate that
where R ξi,ξj (∆) is a matrix of nonzero constants that depends on ∆ ≡ max(∆ i ). R ξi,ξj (∆) does not depend on any details of the scalar potential except through ∆. The relation above follows from the fact that as T → ∞, the ξ i approach their values in N = 4 SYM, a conformal field theory (CFT), in the same way. At high temperatures, we show that (2) plus corrections that are suppressed as T → ∞. Here, we have defined ξ
We always work in units where = c = k B = 1, and we focus on 4D field theories for concreteness. The organization of the rest of this paper is as follows. We
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introduce single-scalar models in Sec. I and describe the high-temperature expansion that applies to these models in Sec. II. The calculation of transport coefficients at high T is the focus of Sec. III. We discuss the extension of our results to systems with gravity duals sourced by multiple scalar fields in Sec. IV, and we conclude in Sec. V.
I. A SINGLE-SCALAR MODEL
The simplest class of nonconformal gravity duals is characterized by a 'single-scalar' model with the action [6, 7] 
where κ 2 5 /8π is the Newton constant, φ is a real scalar field, and V (φ) is an analytic potential. Moreover, V (φ) is symmetric about an extremum at φ = 0, and V (0) < 0. We study finite-temperature field theories that are rotationally invariant in space and translationally invariant in spacetime. This translates to the metric ansatz
where a, b, and h are smooth functions of the holographic coordinate r only, and φ = φ(r). A black hole horizon occurs at r = R h , where h has a simple zero. The entropy density s and temperature T of the field theory are simply the entropy density and temperature of the black hole:
Different choices of the potential V correspond to different dual gauge theories. Unlike QCD, these theories are both strongly coupled and conformal in the hightemperature limit. Their dual geometries approach fivedimensional anti-de Sitter space (AdS 5 ) in the extreme UV, where φ → 0. Our analysis thus relies on the AdS/CFT dictionary [1] . Formally, the scalar deforms N = 4 SYM, a CFT, by adding a term Λ 4−∆ O φ to its lagrangian. O φ is the field theory operator dual to φ, ∆ is the UV scaling dimension of O φ , and Λ is a new energy scale introduced by the scalar.
At small φ, the potential takes the form
where L is the curvature radius of asymptotic AdS 5 . So the squared mass m 2 of the scalar is
accommodates the Breitenlohner-Freedman stability bound for a scalar in AdS 5 [8] . The allowed range of the scaling dimension ∆ is also constrained. ∆ < 4 makes O φ a relevant operator, but ∆ < 1 violates the unitarity bound. For convenience, we focus on 2 < ∆ < 4. The extension to the case ∆ ≤ 2 is straightforward [9] .
II. HIGH-TEMPERATURE EXPANSION
In this section, we pursue a high-temperature expansion of the background and scalar profile in single-scalar models. A similar expansion was developed in the study of N = 2 * theory [10] . Let us work in the gauge a = r with the AdS boundary at r = ∞. Three independent equations of motion follow from the action Eq. (3) in the background Eq. (4):
The first two come from recombining the tt and rr components of Einstein's equation, and the last is the scalar equation of motion. When T Λ, the influence of O φ on field theory phenomena becomes negligible. On the gravity side, this means that the scalar vanishes in the high-temperature limit [29] . When φ is everywhere zero, the general solution to Eqs. (7) is AdS 5 -Schwarzschild:
Above, r h is the location of the AdS 5 -Schwarzschild black hole horizon. The entropy density and temperature are computed from Eq. (5) as
Large r h thus corresponds to large s and T , and s ∼ T 3 , as one expects for a 3 + 1-dimensional CFT.
When φ is everywhere small, it takes the form
where φ 0 is an integration constant that measures the smallness of the scalar. Equation (10) is one solution to the linearized scalar equation of motion with b and h as in Eq. (8). We have discarded the other solution, which diverges logarithmically as r → r h . Note that only the universal terms of the potential shown in Eq. (6) determine Eq. (10). We would like to compute thermodynamic quantities and transport coefficients at high temperatures, when the scalar is small. To this end, we develop perturbation expansions of the metric and scalar in powers of φ 0 . At every odd order in φ 0 , the metric backreacts on the scalar, and in general a new parameter from the potential appears. For instance, at O(φ 3 0 ), the coefficient of the φ 4 term in a Taylor expansion of V about φ = 0 becomes important. At every even order in φ 0 , the scalar backreacts on the metric, and in general the black hole horizon shifts. Call r = R h the location of the horizon in the full backreacted geometry. R h can also be expanded in powers of φ 0 .
Since the scalar is now nonzero, we have added the term Λ 4−∆ O φ to the field theory lagrangian. The energy scale Λ also appears in the r ∆−4 term of φ as r → ∞:
Expanding Eq. (10) about r = ∞, we have
We fix Λ by setting ΛL = 1. Comparing Eqs. (11) and (12) then yields a relationship connecting r h and φ 0 :
So φ 0 is small when r h is large, and we are indeed performing an expansion valid at large s and T . The total differential order of the system Eqs. (7) is four, so we must impose four boundary conditions at each order in φ 0 . Three of them are to
• maintain ΛL = 1 and consequently Eq. (13),
• preserve the boundary asymptotic b → r/L and consequently h → 1, and
• ensure that φ remains regular at r = R h .
The final boundary condition encodes the physical meaning of φ 0 . To see this, imagine fixing a temperaturedependent observable Ω of AdS 5 -Schwarzschild at some Ω 0 . Ω could be a transport coefficient, the energy density, the entropy, or the temperature itself. What form does the background take at Ω = Ω 0 when φ is turned on? Our expansion should answer this question, so the fourth boundary condition enforces Ω = Ω 0 at every order in φ 0 . For example, if Ω = T , we require that the temperature
so the expansion is essentially in the smallness of 1/LT . The expansion pursued here takes Ω = s. This is an especially convenient choice. Our final boundary condition is then that the horizon of the black hole remains at r = r h , so h(r h ) = 0 at each order in φ 0 . From Eqs. (9) and (13), we see that our expansion is in powers of
This is roughly an expansion in the smallness of 1/sκ 2 5 . With an expansion in hand, it is possible to compute any desired transport coefficients to any desired order in φ 0 . One must work to O(φ 2 0 ) to determine the leading nontrivial high-temperature behavior of the transport coefficients. At this order, the transport coefficients ξ i are only sensitive to the small φ part of the potential shown in Eq. (6). Thus, they only depend on ∆, and they take the form
This is the reason that the normalized transport coefficients behave universally at high temperatures. Working to O(φ 2 0 ), we have obtained closed-form solutions for φ(r), b(r), and h(r), but the expressions are cumbersome and we relegate them to an appendix.
III. TRANSPORT COEFFICIENTS A. Speed of sound
In this section, we briefly review the calculation of the speed of sound in single-scalar models [5] . The speed of sound v 2 s can be computed from examining poles in Green's functions of the dual field theory's stress-energy tensor, but it can also be determined from the equation of state of a system [11, 13, 14] . We pursue this second way of calculating v 2 s . The speed of sound can be obtained from v 2 s = dp/d , where p is the pressure of a system and is its energy density. For systems at zero chemical potential, this can be re-expressed as
Using the O(φ 
where the simplified form in the last line can be found using some standard properties of Meijer G-functions. We note two important implications of the above result. First, since C v 2 s (∆) is positive for 2 < ∆ < 4, the speed of sound is always bounded from above by 1/3 at high temperatures in single-scalar models [5, 12] . Second, to the order to which we are working,
so the temperature dependence of 1/3 − v 2 s takes the sim-
2(∆−4) as T → ∞. Below, we will see that this feature also applies to the other transport coefficients.
B. Conductivity
Suppose the dual field theory contains a conserved U (1) charge and an associated conserved current J µ , where µ = t, x, y, z. Then there are transport coefficients associated with these charges: the DC conductivity σ, the charge susceptibility Ξ, and the diffusion coefficient D. In this section, we calculate σ [15] at high temperatures.
In the gravity dual, there is a U (1) gauge field A M (M = µ, r) that is dual to the conserved current in the field theory, and we must add the term
to the action Eq. (3), where g c . We work in the probe limit, where the bulk U (1) gauge field does not backreact on the metric. The DC conductivity σ is
where
, and ω is the frequency. This Green's function can be calculated via the gauge/gravity duality. Ref. [21] showed that in the low-frequency limit, σ can be extracted from the geometry of the gravity dual at the horizon of the black hole via the membrane paradigm [16] :
Using the metric coefficients given in the appendix together with Eqs. (18) and (21), we find that at high temperatures, the conductivity σ in gauge theories with single-scalar gravity duals is
A plot of Cσ is given in Fig. 1 . Note that like v 2 s , σ is bounded from above at high temperatures. This time, the limiting value is 1. The temperature dependence ofσ also takes the same form as that of v (1 −σ) ∼ T 2(∆−4) in the high temperature limit. From the expressions above, we see that the transport coefficient ratio Eq. (1) is satisfied, and in this class of models we have
As advertised, Rσ ,v 2 s (∆) is a temperature-independent constant. 
C. Diffusion coefficient and charge susceptibility
We can also calculate the diffusion coefficient associated with the U (1) charges. The diffusion coefficient D describes the relaxation to equilibrium of a small charge density perturbation in (for definiteness) the z direction in the field theory. D appears as a pole in the two-point retarded Green's function for J z at ω(k) = iDk 2 . This correlation function can again be calculated using the gauge/gravity duality. For the class of theories we are considering, it was shown in Ref. [21] that D can be extracted directly from the geometry through the simple formula
Using the high temperature expansion discussed in Sec. II, we can simply read off D from the metric components. To O(φ 2 0 ), A plot of CD is given in Fig. 2 . At high temperatures, 2πT D ≥ 1. Defining ξ 1 =DT and ξ 2 = v 2 s , we see that as with the conductivity, the transport coefficient ratio Eq. (1) is satisfied.
In theories with gravity duals of the sort that we are considering here, it is known that D and σ satisfy the Einstein relation DΞ = σ, where Ξ is the charge susceptibility [21] . Using Eqs. (22) and (25), we havẽ
Since Cσ and CD are positive,Ξ ≤ 1 at high temperatures. Kovtun and Ritz have proposed a bound on D = σ/Ξ in systems with gravity duals [23] :
Our result is consistent with this proposal.
D. Bulk viscosity
The bulk viscosity ζ characterizes the resistance of a fluid to volume change under external stress. It can be extracted from the low-frequency behavior of an SO(3)-symmetric correlation function of the stress-energy tensor. In a holographic dual, this correlation function is determined from SO(3)-invariant time-dependent perturbations of the metric [17, 18, 19] . Calculations of ζ are usually challenging because the relevant metric perturbations mix with perturbations of the other bulk fields. However, an elegant formalism that applies to singlescalar duals was developed in Ref. [20] . A key idea is to use a gauge where the scalar φ is itself the holographic coordinate: r = φ in Eq. (4) . In this gauge, the perturbations decouple, making calculations of ζ much easier than in the gauge we use in the rest of this paper. Thus, for much of this section, we employ the r = φ gauge.
As shown in Ref. [20] , to extract ζ in the r = φ gauge it is sufficient to consider the diagonal metric ansatz
, where (28)
Above, A, h, and B are functions of only φ, H 00 , H 11 , and H 55 are functions of both t and φ, and λ is a formal expansion parameter. H 00 , H 11 and H 55 parameterize the SO(3)-invariant metric perturbations. At zeroth order in λ, the Einstein equations determine the geometry around which we are perturbing. In our case, this is a geometry obtained from the high-temperature expansion described in a previous section. At first order in λ, the Einstein equations yield a system that determines H 00 , H 11 , and H 55 . Assuming H 11 (t, φ) = e −iωt h 11 (φ), the x 1 x 1 component of the Einstein equations gives
where the primes denote derivatives with respect to φ.
As shown in Ref. [20] , for ω = 0 in Eq. (29), h 11 can be related to the bulk viscosity. With the boundary conditions h 11 → 1 as φ → 0 and h 11 is regular at φ = φ H , one finds that
where s is the entropy density and φ H is the value of the scalar at the horizon. Our high-temperature expansion for the background perturbs around AdS-Schwarzschild, for which φ = 0 everywhere. Unfortunately, this makes φ an inappropriate radial variable, but we can still use the equation for h 11 . First we change coordinates in Eq. (29) (with ω = 0) from the r = φ gauge back to the a = r gauge. Then we plug in expressions for b, h, and φ up to second order in φ 0 . Defining u = r/r h and retaining only the leading term in powers of φ 0 in the coefficients of each of h 11 , dh 11 /du, and d 2 h 11 /du 2 , we arrive at
Here, primes denote derivatives with respect to u, and the coefficients α(u, ∆) and β(u, ∆) are given in the appendix. α(u, ∆) and β(u, ∆) do not depend on r h , φ 0 , or φ H . Therefore, Eq. (31) does not involve r h , φ 0 , or φ H -the only parameters that depend on temperature. So at high temperatures, h 11 (φ = φ H ) = h 11 (u = 1) depends only on ∆; all of the temperature dependence of ζ/s is in the V (φ H ) 2 /V (φ H ) 2 factor of Eq. (30) . Plugging r = r h into Eq. (10), we see that φ H = φ 0 up to
where C ζ/s (∆) can be determined from the solution to Eq. (31). The form of Eq. (32) implies that at high temperatures, the temperature dependence of ζ/s takes the form ζ/s ∼ T −2(4−∆) , as it does for the other transport coefficients we consider. The universal relation Eq. (1) is thus satisfied for ζ/s.
There is no obvious analytical solution to Eq. (31), so we solve it numerically and subsequently extract ζ/s. In Fig. 3 , we plot the relevant quantity from Eq. (1):
The dots denote numerical results. We note that a simple analytic formula
fits our numerical results to a remarkable degree of precision except near ∆ = 2, where our numerics should not be trusted. For instance, at ∆ = 3, the analytical formula predicts C ζ/s (∆ = 3) = 1/9, and the numerical result is 0.1111111. Furthermore, we can compare this conjectured analytic formula for ζ/s against the high-temperature calculations done for the N = 2 * theory in Refs. [18, 19] . N = 2 * theory is a deformation of N = 4 SYM that is obtained by turning on masses for the bosons and/or fermions in two of the N = 1 chiral multiplets that are part of the N = 4 gauge theory. In the notation used in this paper, this corresponds to looking at bulk scalars with ∆ = 2 or ∆ = 3. For ∆ = 3, corresponding to turning on masses for fermions, we find that R ζ/s,v 2 s (∆ = 3) = π, while for ∆ → 2, corresponding to turning on masses for the bosons, we get R ζ/s,v 2 s (∆ → 2) = π 2 /2. These results agree with the results of Ref. [19] .
Given the remarkable agreement of Eq. (34) with our numerical solutions and with the results of Refs. [18, 19] , it seems likely that an analytical high-temperature expression for ζ/s exists and is given by Eqs. (32), (34). Unfortunately, we have not been able to show this directly from Eq. (31), and an analytical demonstration that Eq. (34) gives the correct expression for ζ/s at high temperatures is an important subject for future work.
It was proposed in Ref. [22] that
in all theories with gravity duals. This translates to the bound R ζ/s,v 2 s ≥ 1/2π. As can be seen from Fig. 3 , the bound is always satisfied at high temperatures in the class of theories we consider for 2 < ∆ < 4 and becomes saturated as ∆ → 4. 
vs. ∆. The small dots were obtained from a numerical solution of Eq. (31), which becomes unreliable near ∆ = 2. The solid curve represents a guess at an analytical form described in the text, and the two large dots are taken from the ζ/η results of Refs. [18, 19] . The dashed line is at R ζ/s,v 2 s = 1/2π, the bound suggested in Ref. [22] .
IV. SYSTEMS WITH MULTIPLE SCALARS
Let us now treat the generalization of our results to theories with gravity duals sourced by more than one scalar. The discussion below applies to all of the normalized transport coefficients we have computed except for the bulk viscosity ζ/s. Our treatment of ζ/s above used the r = φ gauge to decouple the metric and scalar perturbations, but it is not clear this approach generalizes straightforwardly to systems with multiple scalars. We leave the investigation of ζ/s in gravity duals with multiple scalars for future work.
To be specific, we examine the two-scalar case, since the generalization to an arbitrary number of scalars is then easy to see. The action of the gravity dual with two scalars is
where φ and ξ are the two scalar fields, and V (φ, χ) is an analytic potential that is even in both φ and χ and satisfies V (φ = 0, χ = 0) < 0. We focus on field theories that can be viewed as CFTs deformed by the addition of two relevant operators O φ , O χ . In the gravity theory, this corresponds to the restriction that
where ∆ φ and ∆ χ are the UV scaling dimensions of O φ and O χ , respectively. Just as in the single-scalar case, we restrict our attention to 2 < ∆ φ , ∆ χ < 4.
The high-temperature expansion can be developed in the same way as for a single scalar. The difference is that there are now two expansion parameters, φ 0 and χ 0 , and two energy scales associated with the CFT deformations, Λ φ and Λ χ [30] . Holding Λ χ and Λ φ fixed gives relationships that connect r h and χ 0 as well as r h and φ 0 :
This is the only substantive change from the single-scalar case.
To calculate the leading correction to the hightemperature behavior of transport coefficients, we need to work to order O(φ 
Note that terms proportional to φ 0 χ 0 cannot arise because there are no terms proportional to φχ in a Taylor expansion of V about (φ, χ) = (0, 0).
Consider the case ∆ φ = ∆ χ , and suppose without loss of generality that ∆ ≡ ∆ φ > ∆ χ . From Eqs. (9), (38), we have that φ 
From Eq. (39), it is clear that γ φ,χ will cancel in the ratio in Eq. (1). Thus, Eq. (1) continues to hold for any ∆ φ and ∆ χ . The analysis above is trivially extended to systems with n scalars. The essential idea is that high temperatures pick out only the least relevant deformations of the CFT, so only the largest ∆ i matters. Therefore, the results in this paper (except the ones involving the bulk viscosity, which needs a separate treatment) apply to theories with n scalar fields dual to n relevant deformations. For instance, the sound bound v 2 s ≤ 1/3 holds at high temperatures in theories with gravity duals containing multiple scalars.
V. CONCLUSIONS
In this paper, we have used the high-temperature expansion developed in Ref. [5] to show that there are universal relations between dimensionless combinations of transport coefficients ξ i ∈ {η/s, v 2 s , 2πT D, σ/T, Ξ} in theories with gravity duals sourced by one or more scalar fields. We have also shown that ζ/s has the same universal behavior as the other transport coefficients in theories with single-scalar gravity duals.
We have shown that the ratio of the derivatives of any two dimensionless transport coefficients ξ 1 , ξ 2 becomes a temperature-independent nonzero constant that depends only on ∆ = max(∆ i ) as T → ∞:
To understand the utility of this result, suppose that one has a system described by the class of gravity duals considered here, and suppose one could measure a transport coefficient at high temperatures. Then one could determine ∆. (In a multiscalar case, using the theoretical expression for C ξi , one could also infer γ φ,χ,... from this measurement.) The high-temperature behavior of all of the other transport coefficients would then be a prediction of the theory. We have shown that the sound bound proposed in Refs. [5, 12] for single-scalar systems also holds in systems with multiple scalars. A calculation of the bulk viscosity for single-scalar systems showed that η/s has the same temperature scaling as the other observables. The bound on ζ/η of Ref. [22] has been shown to hold in single-scalar systems at high temperatures for 2 < ∆ < 4, with saturation as ∆ → 4.
We have also explored the transport coefficients of U (1) charges in the strongly coupled gauge theory plasmas described by gravity duals with multiple scalars, and have seen that there are high-temperature bounds on σ, D and Ξ. The bound we observed on σ/Ξ = D is consistent with the one proposed in Ref. [23] . It is not clear how generic the bound on D is, since it has been observed that D can fall below the conjectured bound in the D3/D7 system at high temperatures [24] .
A natural question for future work is whether the existence of relations like Eq. (1) is a generic feature of systems with gravity duals. If these relations do indeed hold generically in a broader class of systems with gravity duals, it would be interesting to investigate the finite λ and N c corrections to the high-temperature behavior of transport coefficients in field theories with string duals to see whether Eq. (1) continues to hold.
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